The Brillouin zone of the clean Weyl semimetal contains points at which the density of states (DoS) vanishes. Previous work suggested that below a certain critical concentration of impurities this feature is preserved including in the presence of disorder. This result got criticized for its neglect of rare disorder fluctuations which might bind quantum states and hence generate a finite DoS. We here show that in spite of their existence these states are so fragile that their contribution effectively vanishes when averaged over continuous disorder distributions. This means that the integrity of the nodal points remains protected for weak disorder.
Introduction. -The three dimensional Weyl semimetal is a paradigm of gapless topological quantum matter. Its defining feature is the presence of an even number of topologically protected band touching points in the Brillouin zone. The linearly dispersive behavior of these Weyl points is attracting a lot of attention and has put the system at the center of experimental [1] [2] [3] [4] [5] [6] and theoretical [7] [8] [9] [10] [11] [12] studies of relativistic Fermi matter in solid state physics contexts.
While individual Weyl nodes enjoy topological protection -they can be moved in the Brillouin zone but not individually destroyed -the presence of singular band touching points makes the system highly susceptible to perturbations away from the clean, non-interacting limit. Specifically, the role played by static disorder has been the subject of a partly controversial debate: renormalized diagrammatic perturbation theory in d = 2 + dimensions [13] [14] [15] [16] [17] evaluated at = 1 [18, 19] , and the mean field analysis of a nonlinear sigma model approach [13, 14, 20, 21] predict the existence of a critical disorder strength, K c , below which disorder is irrelevant and the system behaves effectively clean at large length scales. However, this finding is at variance with a complementary approach [22] arguing that rare disorder configurations are capable of generating zero energy states, leading to a finite density of states at the Dirac point. No matter how small, this would rule out the DoS as an order parameter and compromise the existence of a phase transition driven by disorder strength. The numerical analysis of the problem [23] [24] [25] [26] [27] [28] [29] [30] [31] is challenging and has not yet led to a conclusive picture.
In this paper we analytically demonstrate that the nodal DoS in the weakly disordered Weyl semimetal remains vanishing, including if rare fluctuations are taken into account. At first sight this may sound counterintuitive. Rare fluctuations include configurations in which the chemical potential of the system is effectively lowered (or raised) over sizable regions in space. One might expect this to lower (or raise) the Weyl cone away from the state-less nodal point and effectively accumulate finite spectral weight at zero energy.
To understand why this is not what is happening, consider a spherical potential of radius b and uniform depth λ as a cartoon of a rare configuration. Unlike in a Schrödinger problem, such wells bind states only at zero energy and only for depths, λ c ≡ mπ/b, where m is integer [32, 33] . Away from With decreasing ∆, a resonance of width ∼ ∆ moves closer to the origin. At the origin, δ(0) = δ (0) = 0 touches zero (inset). Bottom: the corresponding DoS assumes the form of narrow peaks. Their positive spectral weight is screened by a negative background in such a way that ν(0) = 0, always (inset). This includes the limit, ∆ → 0, in which the singular derivative of the phase shift reflects the presence of a bound state.
these singular configurations, the fragile bound states turn into scattering states whose interplay with the continuum of extended states is key to the understanding of the DoS: according to the Levison theorem (a close cousin of the Friedel sum rule) [34, 35] , the number of bound states in a scattering setup equals the phase shift difference, 2 π dω ∂ ω δ(ω) accumulated by all scattering states. (In the Weyl problem, the integral extends over positive and negative energies, up to a cutoff beyond which the potential is no longer effectively seen.) This implies that no additional DoS is generated by a potential and that accumulations of density of states in one energy region, i.e. by a bound state or resonance, are screened by a diminished scattering state ν(ω) = nian [32, 34] shows that for λ = λ c the phase drop π → 0 compensating for the zero energy bound state is concentrated in the infinitesimal neighborhood of zero energy. In effect, this means that no spectral weight is accumulated there. Tuning away from the singular value, λ c , the bound state becomes a finite energy scattering state. However, the ensuing narrow peak in the DoS, ν(ω) gets screened by a negative background (see Fig. 1 ), in quantitative agreement with the sum rule. The explicit calculation [35] shows that that the balance is such that ν(0) = 0 for all parameter values: a potential well does generate spectral density, but never at zero energy. This is the qualitative reason for the absence of a rare event contribution to the DoS in the Weyl problem.
Below we will confirm the expected vanishing of the nodal DoS for randomly distributed potentials. To this end, we represent the DoS as a functional integral averaged over Gaussian disorder correlated over a finite range, ξ. (This parameter is required to mimic the formation of finite range potential wells.) According to general principles [36] [37] [38] [39] [40] [41] , the presence of rare events reflects in the presence of nontrivial ('instanton') solutions to the mean field equations of the functional. Presently, these equations assume the form of nonlinear Weyl equations, and their solutions were discussed in Ref. [22] . In that reference, the exponentiated instanton action was identified with the DoS, at least to exponential accuracy. We here take the additional step to analyze the fluctuation determinants of individual instantons and find that they vanish for infinite system size. This confirms that in spite of the finite probability for finding rare configurations no spectral weight is accumulated at zero energy. We caution that this result (much as the above single potential well cartoon) neglects possible correlations between neighboring rare fluctuations. However, for weak disorder these are sparsely distributed and we reason below that, if they exist, correlation-contributions to the DoS are limited by an upper bound double-exponentially small in the weak disorder concentration.
Instantons generically break continuous symmetries (for example, translational invariance due to the centering of the instanton at a specific coordinate) and lead to the appearance of 'instanton zero modes' (e.g. the free integration over the center position coordinate) [38] [39] [40] . Residual 'massive' fluctuations are often benign and can be lumped into fluctuation determinants modifying an exponentiated instanton action by algebraic prefactors; hence the justification to neglect them in many cases. Below, we will see that the Weyl problem is different in this respect.
Model and supersymmetric description -We consider an isolated node of a Weyl semimetal described by the HamiltonianĤ = −iv 0 σ i ∂ i + V x , where σ i are the Pauli matrices, the nodal velocity, v 0 , is assumed to be the same in all directions, and V x is Gaussian correlated disorder, V x V x = W 2 exp(−|x − x |/ξ), where W and ξ define variance and correlation length, respectively. To compute our observable of interest, the energy resolved DoS per volume,
where
is a field comprising commuting (φ,φ) and anticommuting (χ,χ) components, and τ 3 is the third Pauli matrix in the twodimensional 'superspace'. The Grassmann integration serves to cancel the determinant det(ω + −Ĥ) −1 otherwise appearing in the integration over commuting variables by a corresponding determinant in the numerator [42] .
The average over disorder may now be performed to obtain a functional integral with effective action, e iS = e iS eff ,
Note that this action exhibits supersymmetry, i.e. uniform rotations in the two-component internal 'superspace' defined by ψ = (φ, χ) T leave the action invariant. We are now at the crossroad where the two principal approaches to computing the DoS part: where Refs. [14, 15] apply renormalized perturbation theory to the analysis of the quartic nonlinearity, the starting point of Ref. [22] is the observation [38] [39] [40] that the physics of rare events is contained in inhomogeneous 'instanton' solutions to the variational equations of the action (2).
Instanton solutions -Following the second approach, we consider the variational equation, δ ψ S = 0 under the selfconsistent assumption that nontrivial solutions, nearly constant over a correlation volume, y e −ξ −1 |x−y|ψ
x ψ x , can be found. After an analytic continuation (ψ,ψ) → e iπ/4 (ψ I ,ψ I ) [38, 41, 43] the extremal equation then assumes the form of a nonlinear Schrödinger equation
Instantons are spatially inhomogeneous solutions of this equation [40, 41, 44, 45] . In the zero frequency limit, ω → 0, they can be obtained analytically [22] and represented as ψ I,x−x 0 = (ϕ I (x − x 0 ), 0) T , where x 0 is the center coordinate, and the absence of a Grassmann component indicates the breaking of supersymmetry. While this structure is general, the explicit form of the two-component spinor ϕ I is specific to the Weyl problem.
The instanton solutions have a lot in common with the solutions to specific box potential configurations discussed above. Referring for an in-depth discussion to Ref. [22] , we note that they are labeled by a conserved half-integer total angular momentum j, shared between an orbital momentum, l, and a spin s = ±1/2. Solutions of least action have j = 1/2, and assume the form
where |↑, ↓ are up and down states in pseudospin Weyl space, Y lm are spherical harmonics, the spherical coordinates (r, θ, φ) are defined relative to the instanton center coordinates, and r is a dimensionless radial coordinate, r = |x|/ξ measuring length in units of ξ. For large arguments, r 1, the radial weight functions afford a series expansion, f l (r) =
, where η l,k are real numerical coefficients, and the exponents indicate that the l = 1 envelope, f 1 , decays much slower than f 0 . For small values r 1 the situation becomes more tricky and the δ-function approximation of the instanton self-interaction is no longer justified. However, all what matters for our discussion is the vanishing of the finite angular momentum component, f 1 (r → 0) → 0, required by continuity (much as in the hydrogen atom).
Fluctuations -The Weyl instanton breaks seven continuous symmetries of the averaged action -three translational symmetries, three rotational symmetries, and one supersymmetry. While the first six can be treated more or less along the lines of the conventional instanton-plus-fluctuations program [38] [39] [40] [41] , the seventh is more interesting: supersymmetry is introduced as a technical means to handle the disorder average (as an alternative to the familiar replica formalism which can be unreliable in nonperturbative situations.) Much as with replica symmetry breaking [46] [47] [48] , the Goldstone fluctuations around a supersymmetry breaking configuration reflect the statistics of the underlying disorder problem. Technically, these fluctuations are described by anti-commuting Grassmann fields [42] and Gaussian integration over them produces a fluctuation determinant in the numerator of the functional integral. The distinguishing feature of the Weyl problem is the existence of an extensive number of fluctuation modes whose action vanishes in the thermodynamic limit. The pre-exponential appearance of the product of these numbers reflects a vanishing statistical measure and effectively annihilates the rare event contribution to the DoS. This vanishing is regularized into a double exponentially small (in disorder strength and/or system size) number if finite size effects or correlations between adjacent instantons are taken into account.
Grassmann zero modes -To prepare for the quantitative treatment of fluctuations, we note that the instanton is defined in the Hilbert space
is the space of scalar wave functions in three-dimensional space, C 2 the two-component Weyl-spinor space, and C 1|1 the two dimensional super-space of commuting and anti-commuting components. In view of the special role played by rotations in superspace, we parameterize field fluctuations around the instanton stationary point as ψ = U(ϕ I + ϕ f ) ≡ Uϕ, where ϕ f describes all fluctuations of commuting variables. Due to the breaking of translational invariance in L 2 (R 3 ), and of rotational invariance in C 2 these fluctuations contain translational and rotational zero modes and need not be 'small'. However, all what matters for our present discussion is that ϕ f is bosonic and that the integration over this field does not yield singular contributions to the integral.
The four-dimensional matrix field U ≡ W ·V generates fluctuations in superspace. We parameterize it through two factors W = exp η1 η1
and V = exp ∆σ z ∆σ z , where 1 and σ z are the Weyl-space unit-and Pauli-matrix, respectively. This parameterization separates Goldstone mode fluctuations, η,η, isotropic in Weyl space from gapped ones, ∆,∆. A straightforward [35, 42] but tedious calculation shows that the transformation to polar variables leads to the integration measure dψdψ = Jdφdϕdηdηd∆d∆, with Jacobian J = i |ϕ i | −2 . The fluctuation action is given by
where the rotation invariant quartic action S (4) does not couple to the Grassmann fluctuations. In the limit of constant η,η, the matrix W commutes with the clean Weyl Hamiltonian ∼ ∂ i σ i reflecting the Goldstone mode nature of these fields. A straightforward expansion of U leads to
, where the second term is the action at η = 0, and
Before estimating the residual effects of the coupling between the field η and massive fluctuations, ∆, via the third term in the action, let us mention the distinguishing features of the Goldstone action, S g : it is (i) purely quadratic (a consequence of the nilpotency of Grassmann variables, η 2 = 0, and no approximation), and (ii) of linear order in derivatives. The combination of these two characteristics implies the existence of an extensive number of linearly independent Grassmann modes with Goldstone action S g = 0. This is the principal mechanism behind the vanishing of the DoS.
Vanishing density of states -A fluctuation, η, has zero action S g if it satisfies the equation
These are first order linear partial differential equations which, absent singularities, have an infinite set of solutions. The presence of a constant solution, η 0 , reflects the symmetry breaking and is granted by general principles. Before discussing the appearance of non-trivial solutions, particular to the present problem, let us consider the consequences of their presence. Assume the Grassmann fields η expanded as η = a F a η a (and the same for the field ∆), where we assume the complex functions F a orthonormalized as F a , F b ≡ dx(φϕ)F a F b = δ ab relative to an inner product containing the instanton wave function as a weight. (One may verify that this changes the measure toJdϕdϕ a dη a dη a d∆ a d∆ a , J ≡ (φϕ) 2 (|ϕ 1 ||ϕ 2 |) −2 . In this way we make sure that for large distances r 1, J → 1 becomes flat, see [35] for details.)
The set of functions {F a } includes a subset {H a } of linearly independent solutions of the zero mode condition M i ∂ i H a = 0. The rare event integral vanishes, provided {H a } contains elements in addition to the trivial solution H 0 = const.. To see this, consider an expansion as η = a η a H a + δη, where δη denotes the non-zero mode contents. By construction, the coefficients η a do not couple to the Goldstone
. Emphasizing this independence, we denote the Grassmann part of the integral (1) as a dη a dη a DXψτ 3 ψ exp(−S [X]), where X = (ϕ, ∆, δη) is a container-symbol for all fluctuations except for the zero modes, and S [X] is their action. The expansion of the prefactorψ
contains only two Grassmann variables η aηb . If there exists precisely one zero mode, a = b = 0, with η aηb → η 0η0 and integration measure dη 0 dη 0 , the identity η 0 dη 0 = η 0 dη 0 = 1 leads to a unit Grassmann integral. This is the situation realized in standard instanton calculus, where the existence of one zero mode is granted via spontaneous supersymmetry breaking, while all other fluctuations have finite action. However, the moment we have at least two modes, the presence of empty integrations, and the identity dη a = 0 enforce the vanishing of the integral. This is the situation in the present case. What happens if the action of the modes η a is not zero but just very small, S [η] = aηa X ab η b , with a non-vanishing matrix X ab ? Integration over η a now yields the finite result, F a F b η aηb ∼F 0 F 0 det(X) ≡F 0 F 0 n λ n , proportional to the product of eigenvalues λ n of X. Mechanisms which may generate finite eigenvalues include (a) deviations of a perfectly linear dispersion, (b) the coupling to massive modes, ∆, or (c) correlations between neighboring instantons. The first two generate contributions of higher than linear order in derivatives, and the third is expected to modify boundary conditions, effectively confining the single instanton theory to a box of extent R ∼ exp(S I ), exponential in the instanton action S I ∼ v 2 0 /ξ 2 W 2 . Contained in the set {H a } is an infinite set of functions with dominant support at large length scales, r > L ∼ R. This set contains slowly varying functions whose higher-derivative action is small in λ n ∼ (nL −1 ) 2 , where n are integer numbers indexing the linearly independent elements of the set, see [35] for details. Integration over these modes then yields a prefactor ∼ n max n λ n ∼ exp(−const. × L), where n max ∼ L sets a soft cutoff beyond which the η-action ceases to be small. For a single instanton, L → ∞, and the fluctuation determinant remains zero. For L ∼ R, correlations between instantons lead to an upper bound ∼ exp(− exp(S I )) double exponentially small in the disorder strength. However, for systems of small physical size (as in numerical treatments of the problem), strong curvature corrections to the linear dispersion, or scattering between pairs of Weyl nodes, the fluctuation eigenvalues may be larger and the DoS become sizable.
Zero modes made concrete -Before concluding, let us explicitly demonstrate the emergence of an extensive number of zero modes {H a } in the problem. For concreteness, we consider the Grassmann action on the background of the instanton solution itself, ϕ = ϕ I . Substituting the instanton wave function (4), and the spherical harmonics
it is straightforward to verify that the expansion of the vector M with Cartesian coefficients M i in the local basis of the spherical system, M = M r e r + M θ e θ + M φ e φ , has the coefficients M r = ( f
The absence of φ-dependent coefficient functions reflects the conservation of azimuthal rotation symmetry by the instanton. Solution functions may thus be parameterized as H a (r, θ, φ) = exp(imφ)H a,m (r, θ), with integer m. For simplicity, we focus on azimuthally symmetric solutions, m = 0. The generalization to finite m does not add essentially new insights. Normalizing the coefficient of the radial derivative by division through its positive weight function, the equation assumes the form
. for large/small arguments, respectively. The vanishing at the origin means that for continuous h a , H a,0 remains continuous for all arguments. In the limit of constant h a , the trivial zero mode, H 0,0 is recovered. This mode is one element of an effectively infinite set of modes, H a,0 (r, θ) = h a (sin(θ) exp Q(r)), where h a (x) are orthogonal relative to the instanton-measure specified above. An extension to non-zero azimuthal momentum m introduces additional families of zero modes further suppressing the fluctuation determinant.
This equation is solved by arbitrary functions
Conclusion. -We have shown that rare statistical fluctuations of a random potential do not lead to the accumulation of spectral weight at the nodal points of a Weyl Hamiltonian. This statement is backed by both the diagonalization of simple model potentials, and the fluctuation analysis of a functional integral for randomly fluctuating potentials. Our analysis does not include the correlations between neighboring rare configurations, which we reason leaves an uncertainty double exponentially small in the disorder concentration. Whether or not the DoS remains strictly vanishing has bearings on the existence of a genuine phase transition to an Anderson-Weyl metallic phase at strong disorder and remains an interesting subject of study.
Acknowledgements. Consider a Weyl particle with velocity ν 0 ≡ 1 in a spherical box potential V(r, θ, φ) ≡ V r = λθ(b − r) of radius b and depth λ. The eigenfunctions ψ ,κ,m j (r) = r| , κ, m j at energy , total angular momentum κ = j + 1 2 and angular momentum orientation m j deviate at large |r| b from the solution of the free Weyl Hamiltonian only by a scattering phase shift δ κ ( ), independent of the orientation m j . Diagonalizing the Weyl Hamiltonian (see Ref. [33, 34] for details) yields
where J κ± 1 2 and Y κ± 1 2 are the Bessel functions of first and second kind of order κ ± 1 2 . The DoS in the presence of the scattering potential V is modified compared that of the free Weyl Hamiltonian. Its shift can be represented as [49] 
, where ω ± = ω ± i0,Ĥ 0 is the free Weyl Hamiltonian, and Tr a trace over the entire Hilbert space. A straightforward manipulation brings this into the form
is the retarded T -matrix of scattering theory. Evaluating the trace in the basis of the eigenfunctions of the free Hamiltonian Tr(...) =
..| , κ, m j , the δ-function constrains the energy integral to = ω (otherwise the logarithm of unity vanishes). This reduces the trace to one over the onshell scattering matrixŜ = 1 + 2iT in the eigenspace of states with energy = ω. The unit-modular eigenvalues of the Smatrix define the scattering phase shifts through e 2iδ , where δ is labeled by total angular momentum κ and its z-component m j . For fixed κ, the phase shift is independent of m j and 2κ-fold degenerate, which yields
In general, for λ nπ b with n ∈ N, Eq. (8) leads to δ κ (0) = δ κ (0) = 0, i.e. a vanishing DoS at zero energy. Close to zero energy only the κ = 1 phase shift yields a significant modification of the DoS. Restricting the shift in the DoS to this value, one obtains the expression from the main text ∆ν(ω) = 2 π ∂ ω δ(ω) with δ(ω) ≡ δ κ=1 (ω).
Modifications of the zero mode action due to massive modes
The substitution of the Grassmann rotation matrix U = WV defined in the main text into the action yields
Here, the first term contains derivatives of the Grassmann variables contained in the rotation matrices and therefore is 'soft', while the gradient-less second term is massive. Ignoring derivatives acting on the Grassmann variables, ∆,∆ contained in V (compared to the non-derivative massive contributions) an expansion in the variables, η,η, ∆,∆ leads to
, where the first term is the zero mode action Eq. (6) of the main text and (ν 0 ≡ 1)
where V = V(r, θ) defines an effective potential confining the massive fluctuations whose dependence on the variables (r, θ) will be discussed momentarily. Integration over ∆ generates two-derivative terms containing η to quadratic and quartic order, respectively. The analysis below shows that the latter are sub-leading compared to the former, and we neglect them from the outset. The integration then leads to a second order derivative correction to the soft mode action
where in the second step we retain only the zero action modes discussed in the main text and expand them as η = a h a η a in the zero mode functions H a,0 = h a (sin θe Q(r) ).
Parametric smallness of second order action
We here demonstrate that the set of zero mode functions can be organized by a parameter y 0 1 with the following properties: there exists a family of functions h a whose dominant region of support is at large distances r > y −1 0 1 (in units of the disorder correlation length ξ) and whose action scales as y 0 . For a system of infinite extension, y 0 can be chosen arbitrarily small, which demonstrates the existence of an additional zero mode. The effectively vanishing action of this mode suppresses the fluctuation determinant down to zero. For a finite size system, or one partitioned into multiple instanton sectors, we obtain the estimate in the main text.
To start with, we model the argument of the zero modes as sin θe
where the rational function on the right faithfully models the asymptotic dependence of Q(r) for large and small arguments discussed in the main text. The importance of this variable suggests a change of variables from (r, θ) to (r, y). (The azimuthal variable is inessential in the present context.) Noting that θ = arcsin(y(1 + r 2 )/r), a quick calculation shows that the measure transforms as
The integration limits are such that y(r, θ) ranges between 0 = y(0, θ) = y(∞, θ) = y(r, 0) and a maximal value 1/2 = y(1, π/2). For fixed y the variable r(y, θ) assumes values be-
, where for y 1, r − 2y 1 and r + y −1 . We observe that in the y-language functions with support far outside the instanton correlation range, r 1, have support in a narrow range of y close to zero.
We aim to define a class of zero mode functions orthogonal relative to the measure dV|ϕ| 2 = dV 1 (1+r 2 ) 2 , where ϕ are the instanton wave functions. This leads to the condition,
Where we exploited that the r-integration is independent of y r + (y)
With this background, let us estimate the magnitude of the correction δS in Eq. (11),
A straightforward if tedious calculation shows that in the regime of interest, y 1, we have V −1 (r, y)
. Evaluating the derivatives as
Observe that the Jacobian factor vanishes both for small and large r. For small r, this reflects the independence of h a (y) h a (r sin θ), on the z-differentiation coordinate. For large r the entire space-volume is compressed into a narrow region of ycoordinates, and the Jacobian accounts for this volume distortion. Using this result, we obtain a bound for the kernel of the action δS as 
where y 
Measure of the fluctuation integral
As with conventional Riemannian manifolds, the integration measure for integration over super-manifolds can be obtained by inspection of the appropriate 'metric', dΞ T GdΞ, where Ξ is a supervector of integration variables, and G a super-matrix playing the role of a metric tensor. The Jacobian is then obtained as J = Presently, the starting point is dxdψdψ = dx(dφdφ + dχdχ), where G = 1 corresponds to a flat integration measure, J = 1. We now substitute ψ = U(ϕ, 0)
T , where ϕ is bosonic, and U = W · V the Grassmann rotation defined in the main text. The bilinear form then reads as dx(dφdϕ+dφ(U −1 dU) bb ϕ+φ(dU −1 U) bb ϕ+φ(dU −1 dU) bb ϕ), where (...) bb indicates the projection onto the bosonic sector. Due to the product form of U, the fermion-fermion and bosonfermion sector individually still contain Grassmann variables but the difference
is a real matrix. Since the transformation does not affect the purely bosonic sector, its determinant remains det(G bb ) = 1. This leads to J = 4 x (|ϕ x | 4 − (φ x σ z ϕ x ) 2 ) −1 = i,x |ϕ i,x | −2 .
In a final step, we turn to the Weyl spin center coordinates in the Grassmann sector, dη x dη x and expand the isotropic fields η x in a basis of functions {h a } orthogonal relative to the scalar product h a , h b ≡ xh a g h b = δ ab , with diagonal metric g x = |ϕ x | 2 . The expansion η x = a h a (x)ξ a , introduces the functional determinant, x dη x η x = a dξ a ξ a |det(h a (x))| −2 . This logic can be again applied to the massive fluctuations ∆, which yields an additional determinant factor |det(h a (x))| −2
and, as a consequence of the normalization, regularizes the Jacobian.
